We investigate quantum entanglement between two symmetric spatial regions in de Sitter space with the Bunch-Davies vacuum. As a discretized model of the scalar field for numerical simulation, we consider a harmonic chain model and calculate the logarithmic negativity to quantify the bipartite entanglement between the two regions. In our numerical analysis, we find that nonzero values the logarithmic negativity exists even if the distance between the spatial regions is larger than the Hubble horizon scale. We also examine an effective order parameter or central charge defined by using the entanglement negativity between two adjacent regions. When the size of each region exceed the Hubble horizon, we find the parameter deviates from the well known value for the Minkowski vacuum and increases monotonically according to comoving size of the considering region.
I. INTRODUCTION
Quantum entanglement is an interesting concept of quantum physics, which has received remarkable attention from various fields recently. As is well known in the quantum theory or quantum information theory, it represents a non-local correlation and leads to the violation of the Bell-CHSH inequality [1, 2] and this quantum correlation is needed as a resource to carry out some protocols, e.g. quantum teleportation, super dense coding, quantum error correction and so on [3] . For quantum many body systems or quantum field theories, the entanglement of the ground state or vacuum state characterizes the structure of its wave function. It is also used as an order parameter for the renormalization group [4] and quantum phase transition [5] . The non-local quantum correlation also has been examined in cosmological situations [6] [7] [8] [9] [10] . In Ref. [6] , the entanglement entropy between a spherical spatial region and the other region was calculated for a scalar field model in de Sitter space and it is shown that the entanglement entropy does not vanish between causally disconnected regions. On the other hand, by introducing a coarse grained scalar field, Ref. [7] investigated the logarithmic negativity of two adjacent sub-regions. The logarithmic negativity is known as an entanglement measure for a mixed state [13] . It was revealed that an initially entangled state becomes separable when the size of considering region becomes larger than the Hubble horizon scale. These two results seems to contradict each other.
Thus, we intend to examine the quantum entanglement between spatial subsystems without the coarse graining technique.
In previous work [11] , quantum entanglement between two spatially separated regions was examined for a free Klein-Gordon field in the 1+1 dimensional Minkowski spacetime. They showed that the logarithmic negativity for the Minkowski vacuum decays exponentially as the ratio of the distance between the two regions to the size of the focusing region increases. In this paper, we introduce two spatial symmetric regions in de Sitter space with the Bunch-Davies vacuum, which is a vacuum state in de Sitter spacetime and corresponds to the Minkowski vacuum in the far remote past. Then we investigate the logarithmic negativity between the two regions and discuss its behavior on the Hubble horizon scale.
This computation provides us the spatial structure and time evolution of the entanglement of quantum fluctuations in the early universe. This paper is organized as follows: we introduce our 1+1 dimensional lattice model of a minimal coupled massless scalar field in de Sitter spacetime and the logarithmic negativity for the Gaussian state in Sec. II. In Sec. III, we check the convergence of the logarithmic negativity for the Bunch-Davies vacuum and violation of the uncertain relations in our numerical calculation. In Sec. IV, we present our main numerical result of the logarithmic negativity and provide the some fitting formulas. Sec. V is devoted to summary and conclusion.
II. LATTICE MODEL AND LOGARITHMIC NEGATIVITY
The Hamiltonian for a minimal coupled massless scalar field q in de Sitter spacetime with a spatially flat slice is given by
where a is the scale factor of the de Sitter spacetime and η < 0 is the conformal time. H represents a Hubble parameter. For simplicity of numerical analysis, we assume that the field depends only on the conformal time η and one spatial coordinate, and introduce a lattice spacing of the spatial direction. The dimensionless form of the Hamiltonian of this model (harmonic chain) [7] is expressed as
where we impose a periodic boundary condition on q j and p j to respect the translational invariance of the model. N denotes the total number of lattice sites, and τ and α are the dimensionless conformal time and IR cutoff parameter, respectively. They are given by
where ∆x is the lattice spacing and m is the mass of the scalar field. We quantize this model as follows:
The mode functions f k and g k satisfÿ
where "·" is a derivative with respect to τ and ω 2 k = 2(1 − α cos θ k ). We treat quantum entanglement of a vacuum state, which belongs to a class of Gaussian states and is easy to handle in numerical analysis.
We present a brief review of a calculation of the logarithmic negativity for a Gaussian state. Let us consider a phase space which is composed of canonical variables {q j ,p j } j=1,...,N .
The canonical commutation relations are
whereR j represent canonical variables defined bŷ
A Gaussian stateρ is determined by its first moment d j = Tr[ρR j ] and the covariance matrix
The logarithmic negativity of a bipartite Gaussian stateρ AB is given by using the symplectic eigenvalues ofṼ AB [12] , which is obtained from V AB by replacingp jA with −p jA [11] , as follows:
whereν j are positive eigenvalues of i ΩṼ AB . The logarithmic negativity E N has a meaning of an upper bound of the entanglement of distillation (the number of the Bell pairs extractable from a bipartite state) [13] and if E N is nonzero then the bipartite state is entangled.
However, there exists an entangled state whose the entanglement of distillation vanishes and it is called a bound entangled state. Fortunately, no bound entangled state exists for a bipartite Gaussian state when E N = 0 [14] .
III. CONVERGENCE CHECK AND VIOLATION OF UNCERTAINTY RELA-TION
We investigate the logarithmic negativity E N between two symmetric spatial regions A and B of the harmonic chain by considering a sufficiently large number of sites, which is re-garded as the continuum limit of our discretized model. We assume that each region includes l harmonic oscillators and their separation is d. Since the vacuum state is Gaussian, the quantum bipartite entanglement can be completely characterized by the covariance matrix.
For the bipartite system, it is given by the following real symmetric matrix:
where the matrices A and B represent the 2l × 2l covariance matrix for each region and the matrix C denotes the correlation between them (Fig. 1) . The two point correlation functions of canonical variables on each site for the vacuum state
Let us choose the mode functions f k and g k in our model as follows:
These mode functions correspond to choosing the Bunch-Davies vacuum as the vacuum state |0 . To confirm that our numerical calculation realizes the continuum limit of the lattice model, we check the convergence of the logarithmic negativity. We define
where l p represents the proper size of each region in the unit of the Hubble length H −1 , and d p represents the proper distance between the two regions in the unit of the Hubble length.
By introducing a parameter λ, we write other parameters contained in the model as
We consider E N as a function of λ for fixed l p and d p . λ → ∞ corresponds to the continuum limit of the model. Fig. 2 shows the result of convergence check.
• The logarithmic negativity is independent of the parameter λ. In the limit λ 1, length scales (for example, the physical size of the considering region or the distance) is much larger than the UV cutoff ∆x. Hence, this limit corresponds to the continuum limit and our numerical calculation well approaches the continuum limit.
Furthermore, we evaluate violation of the Heisenberg uncertainty relation for our numerical calculation by checking a quantity defined by
where ν j are eigenvalues of i ΩV AB . If U N = 0 then we get relations ν j ≥ 1/2, which are equivalent to the uncertainty relation. Fig. 3 shows U N as a function of d p for fixed l p . The uncertainty relation is expressed by using the two point functions, pp and qp+pq .
For the massless theory, the qq-correlation has the IR divergence. On the other hand, there is no the IR divergence in pp, qp + pq-correlations. In our numerical calculation, owing to behavior of the mode function in de Sitter space, there appears the large difference of the magnitude between the qq-and pp, qp + pq-correlations. The violation of the uncertainty relation due to numerical error tends to become larger as d p increases. According to Fig. 3 , the violation of the Heisenberg uncertainty relation is kept small enough to guarantee accuracy of our numerical calculation.
IV. MAIN RESULTS
Our main results are based on the numerical calculation with the number of lattice sites N = 2 × 10 4 and the IR cutoff parameter α = 1 − 10 −12 . Fig. 4 shows E N as a function of d p for fixed l p . We find that the logarithmic negativity does not vanish even when the distance between two regions is larger than the horizon scale (d p = 1 corresponds to the Hubble horizon scale). Let us focus on the following two cases.
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A. Region size and distance with super horizon scale
We examine the behavior of the logarithmic negativity for l p ≥ 1 and d p ≥ 1. The solid lines in the figure represent the fitting function
where k is a real parameter whose values depend on the ratio l p . Fig. 6 shows k as a function of l p and the solid line in the figure represents a function
where a 1 and a 2 are O(1) constants given by a 1 ∼ 1.08 and a 2 ∼ 4.35. Combining these, we obtain the following fitting formula of the logarithmic negativity for
−a 1 dp−a 2 (dp/lp) .
By restoring the dimension of the variables, this is rewritten as
where H −1 is the Hubble length. The proper size of the region L and distance D are given
According to this formula, for the super Hubble regions L H −1 , the logarithmic negativity of the quantum fluctuation in the Bunch-Davies vacuum becomes independent of the size of the two symmetric spatial separated regions and is determined only by the ratio D/H −1 .
B. Adjacent regions
We next examine the logarithmic negativity E N between two symmetric adjacent regions (d = 0). In two dimensional conformal field theory, the exact formula of the logarithmic negativity [13] is obtained as
where c is a central charge, l is the number of lattice sites included in each region (or the ratio of the region size to the UV cutoff) and γ is a constant. For a free massless scalar model, c is unity. Using this exact formula, we can define an effective order parameter or central charge as Fig. 7 shows c eff as a function of l p . For sub horizon scales, c = 1 holds and this behavior is consistent with the prediction of CFT. As the region size becomes larger than the Hubble horizon (l p ≥ 1), c eff deviates from unity and increases monotonically.
• Combining these results, we obtain the following fitting formula of c eff for the super horizon scale
where a 3 ∼ 0.48 and a 4 ∼ 4.61. By recovering the dimension of the parameters, we obtain the formula
where ∆ = a(η)∆x. This formula shows dependence of the UV cutoff ∆x on c eff explicitly.
To understand the dependence of the UV cutoff, we should remind that the effective order parameter is calculated by the logarithmic negativity between two adjacent regions. Because there is a boundary between the adjacent regions ( Fig. 9) , we can expect that the entanglement depends upon the UV cutoff. It is possible to regard the formula of the effective order parameter as a result of the boundary effect. We investigated quantum entanglement between two symmetric spatial regions with the Bunch-Davies vacuum for 1+1-dimensional effective harmonic chain model, using the logarithmic negativity to quantify the entanglement. We found that the logarithmic negativity remains non-zero even if the distance between the two regions is larger than the Hubble length. In our numerical analysis, we derived the fitting formula of the logarithmic negativity when the size of each region and the distance between them are larger than the Hubble horizon scale. According to this, the negativity of the bipartite spatial system with the We defined the effective order parameter c eff and computed it. We observed the following characteristic behavior: when the size of the region is smaller than the Hubble horizon c eff is equal to one, which is consistent with the central charge for a free massless scalar field theory in a 2-dimensional spacetime. After the size of the region becomes larger than the Hubble horizon, c eff increases monotonically. This is because wavelength of the small scale fluctuation grows larger in accord with de Sitter expansion, and then a number of degrees of freedom of quantum fluctuation which exists on a boundary between the two comoving regions gets larger in time.
Finally, we comment on a universal property of our numerical analysis. We considered the 1+1-dimensional effective lattice model of the free massless scalar field theory in de Sitter space. As the behavior of the logarithmic negativity depends on the spatial dimension, our model of numerical simulation is not equivalent to the universe with three spatial dimensions. However, the main features of the logarithmic negativity found in our analysis is characterized by properties of the mode equation of the scalar field in de Sitter space. This equation in our model is the same one as that in 4-dimensional de Sitter spacetime. Hence, if we can calculate quantum entanglement of spatial separated regions in 4-dimensional de Sitter spacetime, we expect that we will obtain the similar observations or phenomena investigated in this paper.
